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Abstract— Ensuring the safety of control systems often re-
quires the satisfaction of constraints on states (such as position
or velocity), control inputs (such as force), and a mixture
of states and inputs (such as power that depends on both
velocity and force). This paper presents a safety-critical control
framework for enforcing mixed state-input constraints through
a generalization of backup control barrier functions (backup
CBFs). First, we extend the backup CBF approach to maintain
multiple decoupled state and input constraints using a single
backup set–backup controller pair. Second, we address mixed
state-input constraints by converting them into state constraints
using a projection from the state-input space to the state space
along the backup controller. In the special case of decoupled
state and input constraints, the proposed method simplifies the
synthesis of backup CBFs by eliminating the need for saturating
backup control laws. Finally, we demonstrate the efficacy of the
proposed method on an inverted pendulum example, where
constraints on the angle (state), torque (input), and power
(mixture of state and input) are satisfied simultaneously.

I. INTRODUCTION

Safe behavior is an essential requirement for controlling
modern autonomous systems. Formally, safety is often de-
fined as a state constraint – keeping the system’s state within
a safe set in the state space – which can be enforced, for
example, using control barrier functions (CBFs) [1]. Yet, this
formulation often does not take into account the limitations
of control inputs explicitly. Synthesizing safe controllers for
dynamical systems subject to both state and input constraints
is a common challenge in real-world control problems.

In many applications, such as robotic systems and vehi-
cles, state and input constraints are coupled. For example,
acceleration-based safety constraints for rigid-body robotic
systems are both state and input-dependent [2]. For au-
tonomous ground vehicles, the admissible stability region
can vary with steering angle and braking force, making the
corresponding safety constraint depend on both state and
input [3]. Similarly, tipover avoidance constraints for legged
and wheeled robots explicitly depend not only on states but
also on inputs [2], [4]. Input-dependent constraints also arise
in passivity-based teleoperation of multi-robot systems [5],
and the trajectory space forward invariance problem [6].
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Fig. 1. Overview of the proposed projection-based backup CBF approach.
A mixed state-input constraint H(x,u) ≥ 0 is projected from the state-
input space to the state space along the backup controller u = kb(x). Then,
a subset Sp

I of the resulting projected constraint set Cp is rendered forward
invariant using the backup CBF-QP with the backup set Sb and flow φb.

To address decoupled state and input limits, integral CBF
methods [7], [8] augment the dynamics by treating inputs
as new states, whereas input constrained CBFs [9] rely on
the meticulous selection of class-K functions. While these
approaches are effective, it remains challenging to verify
controller feasibility. Recently, zero-order CBFs were intro-
duced [4] to enforce input-dependent safety via a one-step
sampled-data condition; however, the resulting constraint is
generally nonconvex. An alternative approach is the backup
CBF method [10], [11] which offers both formal safety
guarantees and feasibility under input bounds. Backup CBFs
have been applied to mobile robots [12], spacecraft [13], and
manipulators [14], with other works exploring non-smooth
constraints [15], timed reach-avoid specifications [16], and
dynamic safety margin [17]. Yet, backup CBFs have not been
established for mixed (coupled) state-input constraints.

In this paper, we develop a safe control approach to
enforce mixed state-input constraints using backup CBFs
while preserving recursive feasibility guarantees. First, we
extend the backup CBF method to handle multiple decoupled
state and input constraints using a single backup set–backup
controller pair. Then, we address mixed constraints. The
key idea of our approach, shown in Fig. 1, is a projection
from the state-input space to the state space, to transform
mixed constraints into pure state constraints. If the mixed
constraints are affine in the input, the proposed backup CBF-
based controller synthesis problem becomes an easy-to-solve
quadratic program. Moreover, for decoupled state and input
constraints, our approach also helps to simplify the design
of backup controllers and the calculation of backup CBFs



by obviating the need for saturating backup controllers. We
showcase our approach on an inverted pendulum subject to
angle (state), torque (input), and power (mixed) constraints.

II. INPUT CONSTRAINED SAFETY

The system of interest is considered in the following form:

ẋ = f(x) + g(x)u , (1)

with state x ∈ Rn, input u ∈ U ⊆ Rm, where U is assumed
to be a convex polytope, and smooth functions f : Rn → Rn,
g : Rn → Rn×m. A locally Lipschitz controller k : Rn → U ,
u = k(x), yields the closed-loop system:

ẋ = f(x) + g(x)k(x) . (2)

We revisit controllers that enforce state constraints by main-
taining the state inside a constraint set, x(t) ∈ C ⊂ Rn, while
respecting decoupled input limits, u(t) ∈ U , for all time.

A. Classical Control Barrier Function Framework
The state constraint set C is defined using a smooth

constraint function ψ : Rn → R:

C = {x ∈ Rn : ψ(x) ≥ 0} . (3)

The safety of system (2) is then synonymous with the
forward invariance of C: if x0 ∈ C, then x(t) ∈ C for all
t ≥ 0. This can be ensured using control barrier functions
(CBFs).

Definition 1 ([1]). Function ψ is a control barrier function
for (1) on C if there exists1 α ∈ K such that:

sup
u∈U

ψ̇(x,u) > −α
(
ψ(x)

)
(4)

for all x ∈ C, with ψ̇(x,u) = ∇ψ(x) ·
(
f(x) + g(x)u

)
.

Given a CBF, the set C can be rendered forward invariant.

Theorem 1 ([1]). If ψ is a CBF for (1) on C, then any locally
Lipschitz controller u = k(x) satisfying:

ψ̇
(
x,k(x)

)
≥ −α

(
ψ(x)

)
, (5)

for all x ∈ C, renders C forward invariant for (2).

This result can be used for safety-critical control synthesis,
by solving the quadratic program (QP):

k(x) = argmin
u∈U

∥u− kd(x)∥2 (6)

s.t. ψ̇(x,u) ≥ −α
(
ψ(x)

)
,

where the desired controller kd : Rn → U is minimally mod-
ified in a way that C is rendered forward invariant. The CBF-
QP in (6) is feasible if ψ is a CBF as defined in (4).

However, an arbitrary constraint function ψ may not neces-
sarily be a CBF, especially with input constraints (U ⊂ Rm)
which may impact the forward invariance of C. In this case,
finding CBFs can be challenging because the input that could
maintain the system’s safety might be outside the admissible
input set. A constructive approach that addresses both state
and input constraints is the backup CBF method.

1A continuous function α : [0, a) → [0,∞), for some a > 0, belongs to
class-K (α ∈ K) if it is strictly increasing and α(0) = 0.

B. Backup Control Barrier Functions

The foundation of the backup CBF method [10], [11] is
the use of a backup controller and an associated backup set.
The backup set is a subset of the constraint set, defined as:

Sb = {x ∈ Rn : hb(x) ≥ 0} , (7)

with the smooth function hb : Rn → R, such that Sb ⊆ C.
The backup controller is a smooth controller kb : Rn → U
rendering the backup set forward invariant along the corre-
sponding closed-loop system:

ẋ = f(x) + g(x)kb(x) . (8)

The solution of (8) over time θ ≥ 0 starting from state x is
the backup flow φb(θ,x). Note that constructing backup set–
backup controller pairs is nontrivial in the presence of input
bounds. While addressing this problem is beyond the scope
of this paper, existing approaches can be found in [18], [19].

Typically, the backup set is a small subset of the constraint
set, representing safe but (very) conservative behavior. There-
fore, the backup controller kb is not used directly to keep
the system inside the backup set Sb, but rather to expand Sb

into a larger set SI ⊆ C that is invariant under kb:

SI =

{
x ∈ Rn :

ψ
(
φb(θ,x)

)
≥ 0, ∀θ ∈ [0, T ],

hb
(
φb(T,x)

)
≥ 0

}
. (9)

This set encodes the states from which the backup set can be
safely reached over a horizon T > 0 using the backup con-
troller. This construction enables the synthesis of controllers
satisfying decoupled state and input constraints by rendering
SI forward invariant, as established by the following theorem.

Theorem 2 ([20]). Consider the system (1), the set C in (3), a
backup set Sb ⊆ C in (7), a backup controller kb : Rn → U
that renders Sb forward invariant along (8), and the set SI

in (9) with T > 0. Then, there exist α, αb ∈ K such that:

ψ̇
(
φb(θ,x),u

)
≥−α

(
ψ(φb(θ,x))

)
, ∀θ∈ [0, T ],

ḣb
(
φb(T,x),u

)
≥−αb

(
hb(φb(T,x))

) (10)

holds for u = kb(x) for all x ∈ SI. Moreover, any locally
Lipschitz controller k : Rn→U , u = k(x), that satisfies (10)
for all x ∈ SI renders SI ⊆ C forward invariant along (2).

For control synthesis, the CBF-QP in (6) is augmented
with predictive constraints, leading to the backup CBF-QP:

k(x) = argmin
u∈U

∥u− kd(x)∥2 (11)

s.t. ψ̇
(
φb(θ,x),u

)
≥ −α

(
ψ(φb(θ,x))

)
, ∀θ∈ [0, T ] ,

ḣb
(
φb(T,x),u

)
≥ −αb

(
hb(φb(T,x))

)
.

This QP is feasible even under input constraints with appro-
priately chosen α, αb and it enforces state constraints (safety)
on the basis of Theorem 2. In practice, the constraints in (11)
are discretized into Nc constraints evaluated at discrete θ
instants along the backup flow. The choice of Nc affects
discretization errors, which can be overcome by constraint
tightening [10], and also the complexity of the QP, which
can be reduced by combining the constraints into a single



one [21]. As for the backup flow, it can be computed
via forward integration of the backup system (8) using an
ordinary differential equation (ODE) solver, or, when (8) is
linear, it can be solved analytically; see later in Remark 6.

III. MULTIPLE BACKUP CBFS

Before addressing mixed state-input constraints, we extend
the backup CBF method to handle multiple state constraints
that are decoupled from input constraints. Inspired by [14],
we incorporate multiple constraints using a single backup
set–backup controller pair. This complements [21] where a
single constraint and multiple backup controllers were used.

Hereby, we introduce N constraint functions ψj : Rn → R
for j ∈ J = {1, . . . , N}. These define the constraint set:

C =
{
x ∈ Rn : ψj(x) ≥ 0, ∀j ∈ J

}
. (12)

We consider a single backup set Sb ⊆ C that respects all state
constraints, and a backup controller kb : Rn → U rendering
it forward invariant. Then, we redefine the invariant set in (9):

SI=

{
x ∈ Rn :

ψj

(
φb(θ,x)

)
≥ 0, ∀j∈J , ∀θ∈ [0, T ],

hb
(
φb(T,x)

)
≥ 0

}
,

(13)
indicating the set of states from which the backup flow
φb(θ,x) satisfies all N state constraints for the duration
θ ∈ [0, T ] and terminates in Sb at θ = T . As a consequence
of Theorem 2, we can state the following corollary.

Corollary 1. Consider the system (1), the set C in (12), a
backup set Sb ⊆ C in (7), a backup controller kb : Rn → U
that renders Sb forward invariant along (8), and the set SI

in (13) with T > 0. Then, there exist αj , αb ∈ K such that:

ψ̇j

(
φb(θ,x),u

)
≥ −αj

(
ψj(φb(θ,x))

)
, ∀θ∈ [0, T ], ∀j∈J ,

ḣb
(
φb(T,x),u

)
≥ −αb

(
hb(φb(T,x))

)
(14)

holds for u = kb(x) for all x ∈ SI. Moreover, any locally
Lipschitz controller k : Rn→U , u = k(x), that satisfies (14)
for all x ∈ SI renders SI ⊆ C forward invariant along (2).

Proof. For each individual constraint j ∈ J , let us define the
constraint set Cj = {x ∈ Rn : ψj(x) ≥ 0} and invariant set:

Sj
I =

{
x∈Rn :

ψj

(
φb(θ,x)

)
≥ 0, ∀θ ∈ [0, T ] ,

hb
(
φb(T,x)

)
≥ 0

}
. (15)

By definition of C in (12) and SI in (13), x ∈ SI if and only if
φb(θ,x)∈Cj , ∀θ∈ [0, T ], ∀j∈J , while φb(T,x)∈Sb. This
means x ∈ SI ⇐⇒ x ∈ Sj

I , ∀j ∈ J , thus SI =
⋂N

j=1 S
j
I .

Based on Theorem 2, for each individual constraint j ∈ J
the backup controller u = kb(x) satisfies (10) with ψj for
all x ∈ Sj

I . Hence the backup controller u = kb(x) satisfies
the combined constraint (14) when x ∈ SI. Note that this
requires that the constraints share the same backup set
and backup controller. Furthermore, based on Theorem 2,
for each constraint j ∈ J a locally Lipschitz controller k
satisfying (10) with ψj for all x ∈ Sj

I renders Sj
I forward

invariant. Because the intersection of forward invariant sets
is forward invariant under the same control law, SI is forward
invariant along (2) for controllers satisfying (14). Finally,
since φb(0,x) = x, x ∈ SI implies x ∈ C.

IV. MIXED STATE-INPUT CONSTRAINTS

In this section, we present our main result: a projection-
based backup CBF framework to handle mixed state-input
constraints. We first introduce it for a single constraint and
then extend it to the multi-constraint case.

A. Projection with a Single Constraint

We define the mixed state-input constraint set D via the
smooth function H : Rn × Rm → R:

D =
{
(x,u) ∈ Rn × Rm : H(x,u) ≥ 0

}
. (16)

Our objective is to find a locally Lipschitz controller k such
that the closed-loop system (2) satisfies

(
x(t),k(x(t))

)
∈ D,

or equivalently H
(
x(t),k(x(t))

)
≥ 0, for all t ≥ 0 (at least

for a certain set of initial conditions to be discussed later).
For now, we focus on a single mixed constraint and omit
other state, input, or mixed constraints—these will be ad-
dressed in the next subsection. Unlike pure state constraints,
H(x,u) has relative degree zero because the input u appears
explicitly. While one could be tempted to directly enforce
the constraint H(x,u) ≥ 0 in optimization, this may not be
recursively feasible. To ensure recursive feasibility for mixed
state-input constraints, we extend the backup CBF method.

Our key idea is to project the constraint from the state-
input space Rn × Rm to the state space Rn along the backup
controller u = kb(x). We define the projected constraint set:

Cp=
{
x∈Rn : (x,kb(x))∈D

}
={x∈Rn :h(x)≥0}, (17)

with the projected constraint function h : Rn → R:

h(x) ≜ H
(
x,kb(x)

)
, (18)

which is smooth because both H and kb are smooth.
We require the following for the backup set and controller.

Assumption 1. The backup set satisfies Sb ⊆ Cp, while the
backup controller kb : Rn → Rm renders the backup set Sb

forward invariant along (8).

Remark 1. In the special case of decoupled state and input
constraints, D = C × U , Assumption 1 is similar to, but less
restrictive than, the requirements of the standard backup CBF
approach in Section II-B. The forward invariance of Sb is
assumed in both cases. The key difference is that the standard
backup CBF method requires Sb ⊆ C and kb(x) ∈ U for all
x ∈ Rn. This often means that the backup controller needs to
be saturated to enforce input constraints over the entire state
space. In contrast, Assumption 1 requires Sb ⊆ Cp, meaning
Sb ⊆ C and kb(x) ∈ U for all x ∈ Sb. That is, the backup
controller only needs to satisfy input constraints inside the
(small) backup set, eliminating the need for saturation.

With the backup set–backup controller pair, we consider
the backup flow φb corresponding to (8), and we define the
invariant set:

Sp
I =

{
x ∈ Rn :

h
(
φb(θ,x)

)
≥ 0, ∀θ ∈ [0, T ],

hb
(
φb(T,x)

)
≥ 0

}
. (19)

We establish that the mixed state-input constraint is satisfied
when using the backup controller inside this set.



Lemma 1. If x ∈ Sp
I , then

(
x,kb(x)

)
∈ D.

Proof. By the definition of Sp
I in (19), x ∈ Sp

I im-
plies h

(
φb(0,x)

)
≥ 0. Since the backup flow at θ = 0 is

φb(0,x) = x, it follows that h(x) ≥ 0. By the definition of
h(x) in (18), this is equivalent to

(
x,kb(x)

)
∈ D.

Remark 2. It is important to highlight that x ∈ Sp
I does

not inherently yield
(
x,k(x)

)
∈ D for an arbitrary controller

k. Thus, keeping x inside Sp
I does not guarantee safety on

its own. However, Sp
I helps to establish recursive feasibility

because kb is a controller that renders Sp
I forward invariant.

Lemma 2. The backup controller kb renders the set Sp
I in

(19) forward invariant along (8).

Proof. Let x0 ∈ Sp
I . To show forward invariance, we estab-

lish that φb(t,x0) ∈ Sp
I for all t ≥ 0, which is equivalent to2

φb(t+ θ,x0) ∈ Cp and φb(t+ T,x0) ∈ Sb for all t ≥ 0 and
θ ∈ [0, T ]. Because x0 ∈ Sp

I , we have φb(t+ θ,x0) ∈ Cp
for t+ θ ≤ T . Furthermore, because x0 ∈ Sp

I , we also have
that φb(T,x0) ∈ Sb. Since Sb is forward invariant under
kb, this means φb(t+ T,x0) ∈ Sb for all t ≥ 0, and also
φb(t+ θ,x0) ∈ Sb ⊆ Cp for any t+ θ > T .

We now link the forward invariance of Sp
I to the corre-

sponding conditions satisfied by the backup control input.

Lemma 3. There exist α, αb ∈ K such that u = kb(x)
satisfies the following constraints for all x ∈ Sp

I :

ḣ
(
φb(θ,x),u

)
≥ −α

(
h(φb(θ,x))

)
, ∀θ ∈ [0, T ] ,

ḣb
(
φb(T,x),u

)
≥ −αb

(
hb(φb(T,x))

)
. (20)

Proof. This is a direct consequence of Lemma 2 and the clas-
sical backup CBF result in Theorem 2, by replacing ψ with
h and considering kb : Rn → Rm instead of kb : Rn → U .
The proof follows that of [20, Lemma 2].

These lemmas lead to our main theorem that states con-
ditions for the control input to ensure safety with respect to
mixed state-input constraints in a recursively feasible way.

Theorem 3. Consider the system (1), the set D in (16), a
backup set Sb in (7), a backup controller kb : Rn → Rm,
the projected constraint set Cp in (17), and the set Sp

I in
(19) with T > 0. Let Assumption 1 hold. Then, there exist
α, αb ∈ K such that:

ḣ
(
φb(θ,x),u

)
≥ −α

(
h(φb(θ,x))

)
, ∀θ ∈ [0, T ] , (21a)

ḣb
(
φb(T,x),u

)
≥ −αb

(
hb(φb(T,x))

)
, (21b)

H(x,u) ≥ 0 (21c)

holds for u = kb(x) for all x ∈ Sp
I . Moreover, any locally

Lipschitz controller k : Rn → Rm, u = k(x), that satisfies
(21) for all x ∈ Sp

I renders Sp
I forward invariant along (2),

implying
(
x(t),k(x(t))

)
∈ D for all t ≥ 0 if x0 ∈ Sp

I .

Proof. By Lemma 3, u = kb(x) satisfies (21a) and (21b),
and by Lemma 1, u = kb(x) satisfies (21c). For u = k(x),

2Observe that the flow satisfies φb

(
θ,φb(t,x0)

)
= φb(t+ θ,x0) for

any t ≥ 0 and θ ∈ [0, T ].

a unique closed-loop trajectory exists since k is locally
Lipschitz, and the constraints in (21a) and (21b) ensure the
forward invariance of Sp

I based on Theorem 2. This means
that x0 ∈ Sp

I implies x(t) ∈ Sp
I for all t ≥ 0. Finally, the

constraint in (21c) directly enforces that the mixed state-input
safety condition

(
x(t),k(x(t))

)
∈ D is satisfied ∀t ≥ 0.

Remark 3. The constraints (21a) and (21b) are required for
guaranteeing recursive feasibility. They enforce x(t) ∈ Sp

I ,
thereby restricting the system to visit only those states where
there exists at least one controller (the backup controller) sat-
isfying the mixed constraints. The constraint (21c) is required
for safety, that is, for satisfying the mixed constraints with
the chosen input, such that

(
x(t),k(x(t))

)
∈ D.

B. Projection with Multiple Constraints

By combining the ideas from Section III and Section IV-A,
we extend the projection method to multiple constraints:

D =
{
(x,u) ∈ Rn × Rm : Hj(x,u) ≥ 0, ∀j ∈ J

}
, (22)

with smooth constraint functions Hj : Rn × Rm → R. This
involves state constraint (D = C × Rm), input constraint
(D = Rn × U ), and the combination of decoupled state and
input constraints (D = C × U ) as special cases, while also
capturing general mixed constraints in the state-input space.

We propose to use the projected constraint set:

Cp =
{
x ∈ Rn :

(
x,kb(x)

)
∈ D

}
= {x ∈ Rn : hj(x) ≥ 0, ∀j ∈ J } ,

(23)

with the projected constraint functions hj : Rn → R:

hj(x) ≜ Hj

(
x,kb(x)

)
. (24)

Then, with a backup set Sb and a backup controller kb

satisfying Assumption 1, we construct the invariant set:

Sp
I =

{
x ∈ Rn :

hj
(
φb(θ,x)

)
≥ 0,∀θ∈ [0, T ],∀j∈J ,

hb
(
φb(T,x)

)
≥ 0

}
,

(25)
see Fig. 1 (where hj

(
φb(θ,x)

)
=0 is plotted for various θ).

Based on the results of the previous sections, we enforce
the invariance of this set and the satisfaction of the mixed
constraints using (21a) for each hj , (21b), and (21c) for each
Hj . Thus, we propose the optimization problem (OP):

k(x) = argmin
u∈Rm

∥u− kd(x)∥2 (26)

s.t. ḣj
(
φb(θ,x),u

)
≥ −αj

(
hj(φb(θ,x))

)
,

∀θ∈ [0, T ] , ∀j ∈ J ,

ḣb
(
φb(T,x),u

)
≥ −αb

(
hb(φb(T,x))

)
,

Hj(x,u) ≥ 0 , ∀j ∈ J .

By construction, this OP is recursively feasible because
k(x) = kb(x) is a feasible solution.

Corollary 2. There exist αj , αb ∈ K such that the backup
CBF-OP (26) is feasible for all x ∈ Sp

I . Furthermore, the
controller (26) ensures for all x0 ∈ Sp

I that x(t) ∈ Sp
I and(

x(t),k(x(t))
)
∈ D hold for all t ≥ 0 for system (2).



Remark 4. The backup CBF-OP (26) is a quadratic program
if and only if Hj are affine in u:

Hj(x,u) = bj(x)− aj(x)u , ∀j ∈ J , (27)

where aj : Rn → R1×m, bj : Rn → R are smooth functions.

Remark 5 (Special cases). For state constraints (aj(x) = 0),
the last constraint with Hj in (26) is inactive and can be
omitted. For input constraints (aj and bj are constants), Hj

encodes the input limits and the optimization is done over
u ∈ Rm, rather than u ∈ U as in (11), while the constraint
with hj is included. For a single state and multiple decoupled
input constraints, like in Section II-B, we obtain:

k(x) = argmin
u∈Rm

∥u− kd(x)∥2 (28)

s.t. ψ̇(φb(θ,x),u) ≥ −α(ψ(φb(θ,x))) , ∀θ ∈ [0, T ] ,

−ajk̇b(φb(θ,x),u) ≥ −αj

(
bj − ajkb(φb(θ,x))

)
,

∀θ ∈ [0, T ] , ∀j ∈ J ,

ḣb(φb(T,x),u) ≥ −αb(hb(φb(T,x))) ,

bj − aju ≥ 0 , ∀j ∈ J .

Compared to the standard backup CBF-QP (11), this includes
the additional second constraint with the derivative of kb.

Remark 6. The projection-based approach can also simplify
the computation of the backup flow. This is because, based on
Remark 1, the backup controller need not be saturated. For
example, if (1) is feedback linearizable, the backup controller
can be constructed so that the backup system (8) becomes
linear, ẋ = Ax, and the backup flow can be obtained analyt-
ically, φb(θ,x) = eAθx. This eliminates forward integration
at each time step, saving significant computational cost for
the backup CBF method. The price of these benefits is that
the projection reduces the set where the system operates.

V. STATE-INPUT-CONSTRAINED INVERTED PENDULUM

We demonstrate the proposed method on an inverted
pendulum with unit-coefficient equations of motion:[

ẋ1
ẋ2

]
=

[
x2

sin(x1)

]
+

[
0
1

]
u, (29)

where the state x = [x1 x2]
⊤ contains angle and angular ve-

locity, and the input u is a torque, with power P = x2u. The
primary control objective is to keep the angle x1 within the
bounds |x1| ≤ φmax with the desired controller kd(x) = 0.
Moreover, we require input constraints umin ≤ u ≤ umax

and power constraints Pmin ≤ x2u ≤ Pmax. These mixed
constraints can be expressed in the affine form (27) with:

H1(x,u) = φmax − x1 , H2(x,u) = x1 + φmax , (30)
H3(x,u) = umax − u , H4(x,u) = u− umin , (31)
H5(x,u) = Pmax − x2u , H6(x,u) = x2u− Pmin . (32)

The parameters of this example are listed in Table I.
For the backup controller, we utilize feedback linearization

and velocity feedback with gain K > 0, as in [14]:

kb(x) = − sin(x1)−Kx2 . (33)

TABLE I
PARAMETERS OF THE INVERTED PENDULUM EXAMPLE

Symbol Value Unit Symbol Value Unit Symbol Value Unit
umin −1.1 Nm φmax 1.75 rad αj(hj) 15hj 1/s
umax 1.2 Nm K 0.7 Nms αb(hb) hb 1/s
Pmin −0.7 W µ 0.001 s−2 T 8 s
Pmax 0.2 W γ 0.7 1/s Nc 100 1

Fig. 2. Set analysis for the inverted pendulum (29) with mixed state-input
constraints. Panel (a) depicts the six constraint sets from (30)-(32) that are
projected using the backup controller (33) (light blue: state, gray: input,
yellow: power constraints). Their intersection, Cp from (23) (red), contains
the backup set Sb from (35) (blue). Panel (b) compares four sets: the zero-
superlevel set Ce of the HOCBF in (36), the invariant set Sφ

I for state
constraints (30), the set Sφu

I for state and input constraints (30)-(31), and
the set Sp

I for all six constraints (30)-(32). The backup flows (34) launched
from different initial conditions are also highlighted (red lines).

The six mixed state-input constraints are then projected
onto the state space, creating the projected constraint set
Cp in (23). Note that input limits are captured by Cp, thus
it is not necessary to saturate the backup controller. Under
the backup policy (33), the system becomes linear and the
backup flow can be computed analytically using Remark 6:

φb(θ,x) =

[
φ1(θ,x)
φ2(θ,x)

]
=

[
x1 +

1
K (1− e−Kθ)x2
e−Kθx2

]
, (34)

thus there is no need to integrate the backup flow online,
and backup CBFs become explicit instead of implicit. The
backup set is chosen to be a rotated ellipse [22]:

hb(x) = φ2
max − x21 −

1

2µ

(
x2 +Kbx1

)2
, (35)

with µ > 0. Choosing Kb = (K−
√
K2−8µ)/2, the backup

set (35) is forward invariant under the backup controller (33),
because ḣb(x) = (K −Kb)x

2
2/µ ≥ 0 for all x ∈ R2.

To highlight the effect of input and power constraints,
we will compare our method to a classical, high-order CBF
(HOCBF) technique [23] that only enforces state limits using
the set Ce = {x ∈ R2 : ψe(x) ≥ 0} with:

ψe(x) = −2x1x2 + γ
(
φ2
max − x21

)
, (36)

and γ > 0, where ψe is derived from ψ(x) = φ2
max − x21.

Figure 2 shows the sets Cp, Sb, Sp
I for the proposed

method. Panel (a) depicts the projected constraint set Cp (red)
as the intersection of the zero-superlevel sets of hj obtained
from (30)-(32) (light blue, gray, and yellow areas show state,
input, and power constraints, respectively). The backup set
Sb (blue) from (35) lies inside Cp for the chosen parameters,
confirming that Assumption 1 is satisfied and the backup
controller obeys input bounds inside the backup set. Panel



Fig. 3. Simulation of the inverted pendulum (29) using the proposed
backup CBF-QP (26) (solid) and, for comparison, the HOCBF (36) (dotted).
Panel (a) illustrates two trajectories (blue and orange) initiated from the
invariant set Sp

I (green) where they remain throughout the simulation.
The boundaries of the projected constraint set Cp are indicated by dashed
lines (light blue: state, black: input, yellow: power constraint). Panels (b)-
(d) display the evolution of angle, input, and power signals, with dashed
black lines representing their limits. The proposed method maintains all
constraints. Codes are available at https://github.com/LaszloGacsi/State-
Input-Constrained-Inverted-Pendulum.

(b) depicts the corresponding invariant sets. Ce belongs to the
HOCBF, Sφ

I is calculated by considering only the state con-
straints (30), Sφu

I is based on state and input constraints (30)-
(31), while Sp

I accounts for all constraints (30)-(32). That
is, Sφ

I , Sφu
I , and Sp

I are defined by (25) with J = {1, 2},
J = {1, 2, 3, 4}, and J = {1, . . . , 6}, respectively. Notice
how the sets are getting smaller. The smaller size of Sφ

I

compared to Ce indicates the effect of using backup CBFs to
ensure recursive feasibility. The size of Sφu

I shows the effect
of input constraints, while Sp

I highlights the impact of power
constraints. All of these sets were computed analytically, as
the backup flow (34) is explicit. The backup flow (plotted
in red) exponentially approaches the horizontal axis along
oblique lines of slope −K without exiting Sφ

I , Sφu
I , or Sp

I .
Figure 3 depicts the numerical simulation of (29) using the

backup CBF-QP (26) with constraints (30)-(32), backup con-
troller (33), backup set (35), and two initial conditions (solid
blue and orange). We compare this to the HOCBF method
using (36) in the QP (6) while including input and power
constraints directly in the QP. The HOCBF-QP becomes
infeasible, hence the trajectories (dotted blue and orange)
leave Ce slightly and violate the input and power limits.
Meanwhile, the backup CBF-QP satisfies all mixed state-
input constraints, even for this open-loop unstable system.
This is thanks to forward prediction, which makes the backup
CBF intervene earlier than the HOCBF; see panel (c).

VI. CONCLUSION

In this paper, we proposed a systematic control approach
to enforcing mixed state-input constraints. We introduced a
projection to convert input constraints and more complex,
mixed (e.g., power) constraints to state constraints, and
enforce them using backup CBFs in a recursively feasible
manner. Our approach also enhances the classical backup
CBF framework by eliminating the need for saturated backup
controllers and potentially enabling analytical backup flow
calculation. We demonstrated our theoretical results on an
inverted pendulum with state, input, and power constraints.
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